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I�A@R967A&KGf1Þ­D A9D°JMCEDoFv?9:a6~<Mm�RMD;T�AªÒg�9ÓXÔM�	JMCOD�Fv?@:=6E!KÔYÜM�M�¡Ýg�gÔ �K�4�%�«]^kgRMR9<Mm�476M8 CEDc?@S�?9LEA«A�4K8�WYT
?@FGA9NKJ9FOF%i�8�SV8�4K[�_PA9LGA@SVmoFG8;LO8;WwA@:BA9_\�E?@4IA@DË?@:Z:B?@C�m;LsFGm;W@m;4K8�W+W\T=CED;?9SVJ9:B?9CE?@Fcf �¶J�<@?9iKiP?�8;DxA9D®JMCOD�FG?9:=6
<Mm�RMD;T+A
�E?@FECED�S�Aª<Mm�RMm;4¡A _PA9LsFGT0`Õ?9:Z:Z?9C%X	:Zm�_�m�Cy_P?9LEJ9W(b¦A@:BA9_\�E?@4¬A FGA94YtK:B?@COFcÇ2A9SVT¨A i�8�SV8�4K[
_PA9LEA9S>m�FG8�LE8�W\Hg8;D0LO8;4KNK8�:=F¨CElK:a6MJMW�S>QuNKJ9CEn=FG?9CGAufXÞ®D�8;4�COlK:=67d�<@?9:aFGJMDoFvA@FG?9CEJ9W@AUF¨A

TD (λ)
`101�
� �������")

� , � �����%$ �
�oÇgT=NK[Mi`8;:ZT�8;:aFGm;LOm;C b�A@:ZRMJMLOT=FES0tKC2A@:BA9_\�E?@4�<9m;RMD�Tzf
� JMCsF¦W9q�<98�FGW@8;D�D;8;4¡8;4K4g8;W A9D�A9:=RMJMLOT=FGS)tKCE4PA@W Aâi`8;S0tuFvA@FG?9CGAgÇ®T=4KWU?9iKi	SVA@FE8;SVA@FGT=W@A@T2CED�8;S/d

_`JM47FGi`QM:zÇuSVT=4YF�_gLEJMRMLEA9S>JMD;QMT=i�Q9:zÇ\A/W9JMLOLE8;W7FE8;iKi
CE_`8;¤;T�EPWU?9:ZHKA@FGQMCE?9RjSVTZA@FEF;f

#
TD (λ)

&D
 ; )C1 , '�3 2 H �
	 	 # � 	
3¨DËqMCECOD;8�C-:Z8�HK8�FECEm;R98;C-?@:Z:B?@COFg�O8;:=qM:Ñ�O8xA9D

S
HPA9:=S�A@D9f ��8;WYTZ47FGCOkKWIA-�E?@FEm;W@J9F-lKR@6MÇ�SVT=47F¶:=m;_`m;CO8;W+CEJMLOJMDcA�d

Fv?UFcf-3hD�?9RM8;4gCVA
t
d�8;NKT=WE`

t = 1, 2, . . .
b)T=NK[M_KT=:Z:ZA94PA@FEiPA94 :Z8;R@6M8;4 A9D

xt ∈ S
?@:Z:BA@_�J9FEiPA94�Ç%m�C

AxHPA9:=S�A@D;iPA94°:=m�<M[È:Z8�HK8�FECEm�RM8;C�:Zm�_�m�CE8;W�W@qMD;kg:®<@?9:ZA9CEDoFGHPAUFcf � A�8;R@6 a ∈ Ax

:=m;_`m;COF+<@?9:ZA9CEDoFcÇ!A9WYW@JML
P (xt, xt+1, a)

<@A9:ZQMCOD;n=4\�gCEm;R9RM8;:�?@FEW98;LOkK:¶A9D
xt+1

?@:Z:BA@_�J9FEiPAgfK3hD
xt+1

?9:Z:ZA9_�J@F�A9D0?@RM8;4KC�m;C¨A9D�8;:ad
:Z8�4g]^8;:=81:Zm�_�m�CE8�tgFv?@4><@A94�f73|�E?@FEm;W)<9m;RMm�4yA9D�?9RM8�4KC®8;R96)<uT=CECODcA��O8�:ZD;m�COF;Ç��OtgFGA9:ZSVA@F:`Õ8;D�:Z8�HK8�F®4g8;R7A@FEn=<
TZC�Ç�A9S>T-AyiKkg4YFE8�FEm;COF2�O8�:ZqM:=T b1W@A@_âA@D08;LO8;NKS>m;476YFG[M:-]^kgRMRM[\8;4�f!Þ­D

1
Ç�HPA¦R969[MD;q9FOFcÇ

−1
Ç�HPA¦<M8;COD�FE8�FEF

m;C
0
ÇPHPA/NKqM47FG8oFG:Z8�47F­�E?UFGCED�J9FEF;f
¢!8;R9698;4

N
Aw�E?@FGCOD;SVAVHKJMCOCED;AgÇ�n=R96

xN

�O8;:=qM:ZT%A@D)tgFEJM:ZCOQy?9:Z:Z?9COF;ÇPm;C
r (xN)

�O8�:ZqM: �O8IAw�OtgFvA9:=S�AUFcÇ
A9S>T=F1WUA9_ÈAh�E?@FECED;SVA0<Mm�RMm;4�f��eR96yA¨�O8�:Z8�4K:Z8�RMT

x ∈ S
?9:=:BA9_`J9FEiPA94yA/<@?9LEHPAUFGQ¨�OtgFvA@:ZJMSÌm;LsFGm;W@8

J∗ (x) := ExN |xr (xN ) .

��FEF EPR9698;:=8;S0i`8+W98;:=:�<M8�4K4KT¶A
P (xt, xt+1, a (xt))

<@A9:=QMCED�nZ4Y�KCEm�RM8;W@8�F�TZC�f
S
4KA9R960S>m;LO8�FEm;LE82<@A9:=Q¨FG8�WYTZ47FG8oFEFG8�:K4K8�S�:Z8�HK8�F-8;:=FG?9LEJ9:Z4KT\A9D1qMCOCED�8;C®:Z8�HK8�FECEm;R98;C®m;LsFGm;W@m�FxA

J∗ (x)]^kKRMR@<Mm;476\4K8�W`Ç�8;D;m�LOF/S>8;R
W98�:Z:x_KLEQMiK?9:Z4KT­W@qMD;8�:ZnaFG8;4gTË8�R96
J̃ : S × R

k → R
]^kgRMR9<Mm�4K476M8�:zf-Þ­DoF/A

J̃ (·, w)
d�J9F>FGm�FE8;:=8;D;D�kKW ]^8;:�_PA9LO¤;TZ?9:ZT=CGA94«NK8�LET=<@?9:=HPA@FEQM4PA9W|A

w = (w1, w1, . . . , wk)
_PA9LGA@SVmoFG8;LO8;W

CED�8;LOTZ47Fcf�3 ¤;m;:�A9D@Ç�HKJMR96}FGA9:B?9: �OtK4KW 8;R96
w ∈ R

k
_PA9LGA@SVmoFG8;Ls<M8�WYFEJMLOF;Ç�A9SVTwS>TZ4gTZSVA9:ZT=Dc?9: �OAâA@D

8;:aFGm�LEm;CsFhA
J̃ (·, w)

m�C
J∗ (·)

W@qMD;q9FOFcfP3
TD (λ)

A9:ZR9JMLETaFGS0tKCË_�J94YFEJMCGA@4È8�D�Fh¤;COTZ4P?9: �EAgf
�¶8�R96\kKW¦]^8;: ÇgHKJ9R96

x1, x2, . . . , xN

8;R96+�E?@FGm�W¦?9:=:BA9_`J9FGA9TZ4PA@WjAjCOJMLEJ9DcA@FGAgf b 8�:ZqM: �OkKW�A@D
x
de8;NgTZW�m�C

x + 1
d�8;NKT=W�?9:=:BA9_`J9FEiPA94�<@?9LOHPA@FGQ¨�OtgFGA9:ZSVA9W>W9qMDoFGT!WYkK:=qM4YiKCEm�RM8�F

dt

d�<M8�:zÇXA9D;A9Dw:Z8�R96M8�4

dt := J̃ (xt+1, w) − J̃ (xt, w) .

� 8;:aFG8;Hg8�FÕ�OkgW`ÇPHgJMR96
J̃ (xN , w) = r (xN )

f2�eR96

dN−1 = J̃ (xN , w) − J̃ (xN−1, w) = r (xN ) − J̃ (xN−1, w) .

3¨D+T=R7A9D;T�8;:=FEm;LOm;C�AjW9m�Fh?9:=:BA9_`J9FEiPA94�<@?9LOHPA@FGQ¨�OtgFGA9:ZJ9S±W@qMD;q9FOF�FG8;LOSVm�CED�8�FG8�CE8�4
0
f

Ext+1|xt
[J∗ (xt+1) − J∗ (xt)] = 0.

ã;ä�å�æ�çUè�éXê`ë�ì`í�î­æ¶í%ï�ð;ñ �)� ô �9õ ç�ö�î­î-é`í%ï-÷-í%ö¶ø
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���� ��� ö
é�í!ï-÷-í�ö�øÉîxï�øwé�ï���ì��¶çcì����%ì`îªðYì��^í%æ¶ç�ö

�eR96ÈA
J̃ (·, w)

A@W\W@JML-�OQVW@qMD;8�:Zn=FEm;CO8
J∗ (·)

de4PA9WXÇXHPA
Ext+1|xt

dt

W@qMD;8�:Zn=FhA
0
d�HKJMD9fX3	�E?@FEm;W¦<Mm�RMm;4�A9D

A9:=RMJMLETaFGS0tgC2A/W9q�<M8oFGW@8;D;[¦]^J9LES0tK:ZA0CED�8;LET=47F�]^LOTZCOCEn=FET�A/CElg:=6MJ9W@AUF�FGA9LOFGA9:ZSVA9D�Q)<M8�WYFEJMLOFQB

w := w + α
N−1
∑

t=1

∂J̃ (xt, w)

[

N−1
∑

j=t

λj−tdt

]

,

A9HKJ9:
∂J̃ (xt, w)

A
J̃ w

_PA9LEA9S>m�FG8�LE8�W�COD;8�LETZ47FETK_PA9LO¤;TB?@:ZTZC%NK8�LETa<9?@:=F�<M8;W7FEJMLOF��O8�:Z8;47FETzf�3¨D
α
_PA9LEA9SVmoFG8�L

A/FvA94YtK:Z?9CET!LE?@Fv?@F��O8�:Z8�4YFETzÇP?@:=FvA@:B?9iPA@4
0
m�C

1
W@qMD;q9FOFh<@A94�ÇPm;ChA9D+TZNK[/]^JM:a67A9SV?94�W9qMD�8;:=n=F�Aj4\tg:Z:B?@HKJMD9f

Þ­D)A@D;m;LsF¨W@8;:=:zÇPHKJMR@6ÈA9DI8�:Z8e�Om;4ÚR@6MJMLOCGA94�ÇXNK8�NKtKLs<@?94
FGA94YtK:Ñ�OJM4�ÇPm;CrA@DIT=NK[j8;:Z[9LE8;HKA9:BA9NuFv?c<@A9:�tKR96MA94
:BA@CECGA@iKiPA94�Ç­Ng8 EP4gJMS�A@iKiPA94«FvA94YtK: �OJM4�f-3

λ ∈ [0, 1]
_KA9LGA9S>m�FE8;LjA9DoF�i`8�]^J9:=67?@CEJM: �EAgÇ�HKJ9R96«SV8�:=6

TZNg[Mi�8�:ZT�WYkK:ZqM4YiKCOm;RM8�W98oFÈFE8;L �O8;CECOD;kKW~<\T=CECED;A«A9D�TZNg[Mi�8�4�f2Þ­D A94K476\T=F�FG8;COD9Ç2HgJMR96~_`m;:=NP?9tK:
λ = 08;CO8�FEm;4ÉA

t
d�8;NKT=W	TZNg[M_KTZ:=:BA94KA@FGiPA@4 :=m�<M[

J̃
m�LOFGm�W9moF�A

(t + 1)
d�8;NKT=W m�LOFEm;WYHK8;D W9q9D;8;:=n=F^�OkKWXÇ

λ = 18;CO8�FEm;4�A0<9m;RMCO[+�OtgFGA9:ZJMSÌm;LsFGm�W9m;Hg8;D)W@qMD;8�:ZnaFÕ�OkKWXf
� 8;R9S0tgFvAUFGHPA@FEQKÇ%HKJMR96�AÈ]^8;47FIi�8�S0tgFGA@FGJ9FOFIA9:ZRMJ9LET=FES0tKCr8�R96°W9q9D;8;:xJM_gFETZSV?9:ZT=C¨COlK:=6Y<M8�W7FGJMLOHKJMD

W9J94Y<98;LOR7?9:zf
#%$�&('*)�+
[�'�&DB�+ H Þ­iKi�8�4)A2<98;LE8�S0i`8;4+Fv?9LOJM:ZQ\NKTZWXÇoA2W9m�CE[MigiKTZ8�W\i`8;4I:Z8�nZLOF�A9NPA@FECED�8;LEW@8;D�8�FGi`8;4�Ç@S>TZ4KNg8;4w:Zm�_�m�Csd

LO[M:!A9D�A9:Z?9iKiKT
3
A@NPA@F*Bgi�8�SV8�4K[j_PA9LGA@SVmoFG8;LO8;WXÇPWYTZS>8;4K[jm�LOFGm�WXÇP:Zm;_`m;COCED;?9S
f

,.- 'C
 A�G A H 3Ê4YtKS>8;LOTZWYtKC2<@?9:aFGJMD�Q)Fv?9LOJM:Ñ�EA)A9D+A9W7FGtP?@:ZTZCË:Zm�_�m�CECED;?9S>J9Fcf V 8�D;NK[jm;LsFGm�W98
0
f��­LsFGm;W@m�FhA

!KÔYÜM�M�¥×uàPÜ\�9�gÏYÏ � !KÔYÜM�M�������V]^kKR9R9<Mm�4Y6�4gq�<98;:=T!SVT=4KNK8;4�S>8;RMHgn=<@?9CEW@JML
1
d�8;: f

,.- 'CBZ) 
.)C1 �­LOFEm;W@8
{−1, 1}

Ç`A9SVT%AjCED�JMWU?9CEJ9C¨CEq@FGm�F;Ç`<\T=:B?9RMJ9C1HK8;:a6M8�FOFw?9:=:zfK3hD;m�LOF�<9A@4ÚCED�kKWYCEm�R�A9D�F
FEtKNK4KT ÇMHKJMR960SVT=:=6M8�4/CED�nZ4K4K8�:P<9A@4�ÇMS>T=<M8�:KS>TZ4KNjCEq@FGm�FE4K8;WXÇYS>TZ4KN0<\TZ:Z?9RMJMCO4PA9WIW\kg:ZqM4jCElg:=6MJ9W@AUF
FGA94YtK:­Ay_KLEJ9RMLGA9SÈf�Þ­D>A9D�m;LOFw<@A94�Ç�SV8�LOF+_`m;:=NP?9tK:�A�_gLEJMRMLEA9S�CED;8�SV_`JM47FÕ�E?@i�QM:�4K8;S�igTZD�FEJMC;Ç
HKJ9R96¦<\TZ:Z?9RMJMCOCGA9:�TZC�A9WYW9J9LGA>A9Dwm;LsFGm;W@8)8�R96yCEq@FGm�F�R96MA9:ZJ9RM4PA9WXÇKS>TZ47F1HPAjAjCEq9FEm�FOFG8;:�<@A94�f

� )�&�'��
	 5 A�, ; 6�'�H � TZ47F¶A�4K8o<M8ËTZC%S0tgFGA@FÕ�EAgÇ�8�D;8�4)FGqMS)i�FG?9LEJM: �EA1A�COlK:=69JMWUA@Fcf�3hDËm�LOFGm�W98�W98�F­A�W@JM4KCOFsd
LOtKW7FGJML/FGq9:=FGT#i�8
A°ÝPÜu���ßÔYÜM�M�:�%��]^kKRMR@<Mm;476�CE8�RMn=FECEm�RMm�<98;:zÇ®SVA��ON A°ÝPÜu���ßÔM�Y�7àMá � !KÔ\ÜM�9���
S>8;47FGT�8;:%A/ÝXÜu����Ï9�9Ýg�4� �0]^kgRMR9<Mm�476�SV8�RMHKn=<@?9CE?c<9A@:zf

,.- ' ,�- G 2 '�H Þ­D;8;4¦<@?9:aFGJMD�QMiPA94V<9A@4�Fv?9LOJM:=<@AgÇYHKJ9R96�S>8;4g4Y6\T�i�8�SV8�4K[0_PA9LEA9S>m�FG8�LË<@A94�fu3¨WYW9J9L#<@A94
LE?¦CED;kgW\COm;RKÇ�A9S>TZW@JMLhA�COq9FGmoF#�E?@FGm�W9JMCwCOlK:=6MA9TZHgJMD)]^m;L¨HKJMD;D;?gÇ�S>8;LsF+A9WYW9JML+A¦COlK:=69JMWÚT=4KNK8�£gmoF
m�_K_�8�4
8�4K476\T=<M8�:¶W@8;:=:�SV8�RM4Kq�<M8�:Z4KT f

� A�� ; @ &4�U)>'*'%)�H(�Z' � 
 @ )C+
� A B Þ­DhA9D18;:=[MiKiKT=8;WYi`8;4 ` A �9�K�g�!��Ï¨<9?@:=FGJ9D;Q+:Z8�nZLG?@CG?94P?@: b�8�SV:=n=FE8�FEF-A9NPA@FECED�8;LEW@8;D�8�Fcf � 8�:ZCE[IA9NPAUFvA9T

A1W9q�<98�FGW@8;D�[MWCB"!KÔYÜM�M�����p�cá�Ç�!KÔ\ÜM�9��Ü �\�wm�C­��á\�ßÔ7�@×K�gÏ\f@Þ­D�8;4IA9NPA@FEJMW¨S>TZ4KN¨_KtKiK:=TZWYtKCGA@W �0� f
Þ­D;8�4g]^8;:=kK:ËA9D�JMCOD�FG?9:=6°¤�CGA9W 8;R96 W@JM4KCOFELEtKW7FEJMLOFIFvA9LsFvA9:=S�A9D@Ç%A9S>T=<M8�:®8;D;8�4 A9NPAUFGJMWY4PA9W°:=8;HK8oF
m�LOFGm�W98oFrA9Ng4KTzf

� , � #&#���� �97 �$+�%��&7$���$31�'9�+ +/��! � �&#'-;�62
� #�� ��89+ ���&9 �����&%��$7�+��0(3+�#�! 8 #��&#�0 �6#&# ��7 ��8��9#'#�03�-��+/�9�;: ���&+ �9# 00#�7$8(�&�-� �

ã;ä�å�æ�çUè�éXê`ë�ì`í�î­æ¶í%ï�ð;ñ � � ô �9õ ç�ö�î­î-é`í%ï-÷-í%ö¶ø
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8:9<;�;>=�? -�@�A +
� 1�& ,.- D ,.- 'UT ,.- 'UT'� )
) 
 A & - F 3 W9JM4KCsFGLOtKW7FGJML�f2Þ­:ZCO[|_PA9LEA9S>m�FG8�LE8ÚA|CElK:a6MJMW«CODc?9SVAgÇxS�?9COJuNgTZW _PAUd

LEA9SVmoFG8�LE8¦A
{1,−1}

HPA9:=S�A9D�i�Q9:­W98;LOkK:2WYTËA@FEFEQM:­]^kKRMRM[\8;4�Ç�HKJMR@6 <\T=:B?9RMJ9CECGA@:-<9A@R96 CEq9FEm�FEFE8;:
<@A9R96\tK4gW`fX3ßHPA9LOS�A9NgTZW�:=JMRMT=W@A@T�_PA9LEA9SVmoFG8�L�T=R7A9D@ÇKHPA�A@_K_K:Z8oFOd�W9m;47F�]^tgFEFGA@FÕ�OtgWyAV_KLOJMRMLEA9SVJ@FcÇ
WYkK:=qM4Yi�8�4�HKA9SVT=C;f¶Þ­LELE8�A@D;m;LsF/<@A94 CED�kKWYCEm;RgÇxS>T=<98;:#A9_K_K:=8�FOd�W9m�4YFj4gTZ4K¤�C/nZLG?@C^�OJMRMtg4KW|A EK:Z8od
LO8;4KNKCOD;8�LEHK8�D9Ç-m�C)8;D�m;LsF0TZ:a6M8�4KW9JML�4K8�S J9:=<@A9CECOtKW�i`8¦A
COlK:=69JMWUA@F�FvA9LsFvA9SVA9D;QyÓuàu�P�cá � �u�M�7d�J9F
m�Ch4K8�S�TZC1n=L^�OtKW¦WYT�A9DoFcf �e:=698;4
8;CE8oFGi`8;4
SVT=4KNK8;4ÈCElg:=6

0
ÇPW\Ta<MmoFG8;:=8;Wy8�DcA9:=QM:!AjiP?9i`m;LOFEm;W@8;WYHK8;D

LO8;4KNK8�:=F�COlK:=69JMWXÇ�A@SVT=W�A õ ^gfgJM:ZNPA@:ZJM4y:=m�<M[ õ f � fgFG?9iK:Z?9DcA@FEiPA94�:Zmo<M[jm;LsFGm�W98�F�<M8�CED�TZW¦]^8;: f
� A|A�Ógàu�K�cá � �u�9�~:=m�FE8;D;T=WXÇ®A9WYW9JML�Aâ_KLOJMRMLGA@S i�8oFGqM:aFGT�A9DÈ8;:=[MD;[ ÝPÜg��� Ô\ÜM�M� �%�°]^kgRMR9<Mm�476
CO8;RMnaFGCEm�RMm�<98;: ÇMHPAr4K8�S�:ZmoFG8�D;TZWXÇ9A9WYW9JML­S>TZ4KNg8;4/CElg:=6YF­4YtK:Z:Z?9LGA¨?9:Z:=n=FcÇ�WYTa<Mm�<98�AriP?9i`JMWIm�LOFEm;W98�T=F;Ç
A9S>T=FËA�COFvA@4KNPA9LON¦CED;?9SVnaFGQMR9m;_`8;Cxm;LOFEm;W@8;WYLE8+?9:=:ZnaFÕ�EAgÇ9A9SVT=WjA õ ^uf\J9:ZNPA9:=JM4>:Zm�<9[ õ f � fYFv?9ig:B?9D;A@FOd
iPA@4
:Z?@FGHPAUFGQMWXf L m;RMCO[V:=m;_`m;COW9m;47Fh_�m�:ZNP?@4Y69JMCEnaFÕ�EAjA0<M8�LES>8�F�TZC�f
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